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Abstract
The surrounding rocks in deep openings are deformed too large and fractured frequently during excavation process. 
Taking the circular tunnel as the research object, surrounding rocks are divided into the cracked region, the plastic 
region and the elastic region. Based on the plane strain condition and twin shear strength theory, the analytical 
solutions for the stress and displacement are derived and the individual region radii are obtained. The strengthening 
effect of the intermediate principal stress on rock stress and the effect of elastic modulus deterioration on rock mass
deformation are discussed with examples. Finally, some new conclusion has obtained, which provide meaningful 
theoretical foundations for reinforcement of tunnel project.
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1. Introduction
With the increase of mining depth of large-scale mines, the rock lithology deterioration and 
surrounding rocks damage are occurred frequently. Deep rock mass is in the harsh environments of high 
stress, high temperature, high osmotic pressure and the strong effect of time, which makes the rock 
structure, mechanical behavior and despondence to construction changed ultimately. Hence, geotechnical 
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materials are generally performed with special nonlinear mechanical behaviors, and become an important 
research direction.
Currently hydraulic tunnel, immersed tunnel, rail tunnel and deep mine openning have been designed 
with circular cross-section, and some of other cross-section shape can be approximated as a circular 
cross-section. At present, elastic-plastic analysis of surrounding rock is often uses the Mohr-Coulomb 
criterion, and without considering the intermediate principal stress.In order to truly reflect the properties 
of rock, the three principal stress criterion must be considered. Yu Mao-Hong of China's scholars build a 
unified strength for different material models [1], and this criterion is selected as the theoretical basis for 
the elastic-plastic analysis of circular openings.
The stress-strain curve of rock shown in the Figure 1, and it can be divided into the elastic deformation, 
plastic deformation and cracked three states [2]. In fact, the rock mass that after the ultimate strength
cracked unnecessarily if not produce enough distortion, and still in plastic state. For convenience, the 
actual rock stress-strain curve is simplified to fold line as Figure 1.
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Fig. 1. stress-strain curves of rocks                                                           Fig. 2. analysis model of circular tunnel
2. Structure basic theory and equations
2.1. Unified strength theory 
Based on double-shear unit body, The Unified strength theory considers all the stress components that 
appear and destroy on the double-cut units [1]. The strength criterion is suit for a variety of material and its 
mathematical expression may be written as:
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Where, α is the ratio of material tension and compression, b is the influence coefficient of 
intermediate principal stress, it reflecting the contribution of intermediate principal stress destroyed the 
material. The different expressions can be constituted from Eq. (1) with b value changed. tf is the tensile 
ultimate strength.
forα =(1-sinφ)/(1+sinφ), tf =(2ccosφ)/(1+sinφ),The Eq.1 can be transformed into:
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2.2. Axisymmetrical problem equations
There is a circular tunnel with excavation radius is a ; the original stress in the infinity is 0p ; 
supporting load is ip ;considering the surrounding rock mass composed  with cracked region, plastic 
region and elastic region three parts, and the radius of cracked region, plastic region are cR and pR ,all 
parameters in the  elastic-plastic -brittle model of tunnel are shown in Figure 2.
The following is mathematical description of the axisymmetrical problem [3]: the stress in each region 
must meet with the balance equation:
0/)(/ =−+ rrdd rr θσσσ                                                                           (3)
Assumed that the stress of rock in the event of plastic yield and cracked meet the twin-shear strength 
criterion. The long and circular mine opening can be reduced to plane strain model. There are 
)( θσσµσ += rz in the cracked zone and plastic zone, the strength criterion is expressed as Equation (2a).
The suffix of e , p , c are introduced to express rock elastic zone, plastic zone and the cracked zone
respectively. The expression in the plastic zone and fracture zone is written as a uniform equation [4]:
0=−−= SNF rσσθ                                                                              (4)
Where, N and S are material parameters.
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Where, µ is the Poisson's ratio.
As the rock material in line with Mohr-Coulomb plastic potential, we can write the equation with non-
associated ruler [5]:
                             rθσ βσΦ = −                                                                                         （6）
Where, β is the material parameter.
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Where, cψ , pψ are the expansion angles of surrounding rock in the cracked zone and plastic zone.
With the plastic potential (6) and non-associated flow rule, the unified constitutive equation of rock 
mass in the cracked zone and plastic zone is expressed as:
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Where, G is the shear modulus, λ is the plastic strain. 
Deformation in the different region must meet with the geometric equation: 
rurur // =∂∂= θεε ；                                                                   （9）
The stress boundary conditions and contact conditions of the axisymmetrical problem are described as:
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3. Equations Solution
3.1. Stress expression solution
3.1.1. For the cracked zone:
By the fracture criteria equation (4), the following equation can be drawn:
crc SN += σσθ
Then, bring it into equation (3); solution of the first-order differential equation can be obtained as:
( )1])[( 1 −−⋅= − ccNcrc NSrK cσ
The coefficient cK can be obtained from the first type equation of boundary conditions (eq.10), and 
then, the stress of cracked zone can be expressed as:
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Where, ( ) ( )µααα bbbD cccc 211 +−−+= , cici Dpp += .
3.1.2. For the plastic zone
The same method as above, the stress expression can be expressed as:
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Where, ( ) ( )µααα bbbD pppp 211 +−−+= , cNccic DaRpp c −= −1)/( , pcpc Dpp += .
3.1.3. For the elastic region:
The stress expression in the elastic zone can be obtained easily.
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Where, ( ) pNcppcp DRRpp p −= −1/ .
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3.2. Strain expression solution
The deformation compatibility equation can be drawn from geometric equation (9) as:
( ) rr r θθ εεε −=∂∂
3.2.1. For the cracked zone:
The strain expression can be drawn via bring the stress expression (11) into the constitutive equation 
(8). And then, bring strain into the deformation coordination equation, a differential equation ofλ can be 
obtained as:
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The strain and displacement can be droved from bring cλ into strain expression and the expressions 
can be written as:
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Where, µααµη −++−= )/()1)(1( ccccc NN , c
c Dpp += 00 , A is integral constant.
3.2.2. For the plastic zone
With the above method, based on the stress expression and deformation compatibility equation, 
pλ can be droved as:
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Then, the strain and displacement expression are written as:
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Where, µααµη −++−= )/()1)(1( ppppp NN , p
p Dpp += 00 , B is integral constant.
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3.2.3. For the elastic region:
The strain and displacement expression in the elastic zone are obtained and written as:
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Therefore, using the displacement continuous conditions of the junction between cracked zone and 
plastic zone, plastic zone and elastic zone, the expressions of integral constant can be written as 
equation(17) ,furthermore,  the strain and displacement complete expression can be obtained.
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3.3. Algorithm for getting radius of cracked tunnel
Rock will crack if its deformation reaches a certain condition. Considering the critical conditions to
crack after rock plastic deformation as the standards for judging the surrounding rocks destroyed. For
example, elastic stress in the elastic-plastic junction also meets with the plastic yield stress states.
)()( pepp RR θθ σσ =                                                                                              （18）
)()( crccrp RR εε =                                                                                              （19）
Therefore, the stress expression at the interface of elastic-plastic meets with the yield condition. With
equation (12), (13) and (18), the elastic-plastic critical condition expression can be drawn as:
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Similarly, combining equation (14), (15) with equation (18), the plastic-cracked critical condition 
expression can be drawn as:
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Solving the equation (20) and (21) simultaneous, the radius of cracked zone cR and the radius of
plastic zone pR are obtained immediately.
4. Discussion
4.1. Influence of Intermediate Principal Stress on Deformation Field of Surrounding Rock
Double shear unified strength theory can change into different yield criteria, when these two 
parameters β and b take different values [6].
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Considering the changing of coefficients b and )sin1/()sin1( ϕϕβ +−= , the influence of b on strain 
and stress are discussed in the following example. For convenience, these known calculation parameters 
are designed as:
GPaE 7.5= ; 3.0=µ ; MPap 4.230 = ; 0=ip ; MPac p 51.2= ; °= 82.35pφ ;
MPacc 43.1= ; 22.99cφ = ° ; °= 18pψ ; °= 13cψ ;
When b=0, 0.25, 0.5, 0.75,1, the result of stress-strain curves are shown in Figure 3, Figure 4.
               
Fig.3. stress curves under twin-shear criterion with different b     Fig.4. strain curves under twin-shear criterion with different b
It can be seen from the figure: in the cracked zone and plastic zone, the ring-stress and radial stress of 
surrounding rock increase with b increase. And then, the stress growth rate of rocks in plastic zone 
increase with b. On the contrary, rock deformation decreases as b increases.
4.2. The influence of elastic modulus deterioration on surrounding rock deformation
Deep rock mass are performed with strength-deterioration mechanical behaviors in high ground stress 
and temperature conditions. Its elastic modulus and deformation modulus are reduced drastically with the
temperature increase. In addition, due to cracked and into the post-peak rock work, its elastic modulus
will be reduced greatly [7].
Define the elastic modulus of rock mass in the elastic, plastic and the cracked zones
are EKKEcEKEE pcpp == ,, respectively. Here, K is the softening coefficient. The stress distribution
of rock in the same type as the equation (11)、(12) and (13), because the stress field from the impact of 
the elastic modulus.
According to the rock stress state, geometric equations, constitutive equations and boundary conditions, 
the distribution of rock deformation field can be obtained. Compose the previous analysis and the
conditions of displacement continuous at the junction between the cracked zone and plastic zone, the 
plastic zone and elastic zone, the expressions of integral constant can be written as the equation (22).
Furthermore, the strain and displacement complete expression can be obtained.
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Setting the rock mass damaged due to deformation, the influence of elastic modulus deterioration on
surrounding rock deformation is discussed at the cases of 6.0=cK and 3.0=cK in the following
example, these calculation parameters are designed as:
ma 0.3= ; MPap 4.230 = ; 0=ip ; MPaC p 85.5= ;
°= 0.30φ ; MPaCc 00.2= ; °= 2.15φ ; aRc 58.1= ;
The deformation curves of surrounding rock calculated and shown in Figure 5, Figure 6.
           
Fig.5. surrounding rock strain curves with Kc=0.6 Fig.6. surrounding rock strain curves with Kc=0.3
Figure 5 and Figure 6 show that: Rock deformation in the cracked zone increases significantly, when 
the elastic modulus deteriorated for rock rupture. While the radial strain than the ring strain increases 
more pronounced.
When 6.0=cK , the circumferential strain and radial strain in free surface are increased 13.28% and 
20.09% individually; when 3.0=cK , they are increased 46.50%and 70.33 % individually. Thus, the 
elastic modulus degradation of rock is one of the reasons leading to large rock deformation in deep tunnel.
5. Conclusions
（1）Based on an ideal elastic-plastic-brittle model, the unified strength theory and non-associated 
flow rule, the elastic-plastic analyses are carried out for surrounding rocks and the analytical expression
of surrounding rock stress and deformation are further obtained.
（2）Influence of intermediate principal stress coefficient changes impact on rock stress field more 
significant. The rock stress increases and deformation decreases with the intermediate principal stress 
coefficient increases. So is the reverse.
（3）The influences of rock strength parameters deterioration on the deformation of surrounding rock 
are analyzed. When the elastic modulus of surrounding rock deteriorates, the radius of cracked zone 
changed little, but the deformation of cracked zone rock increases obviously.
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